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We investigate the performance of the high order well-balanced hybrid compact-weighted 
essentially non-oscillatory (WENO) finite difference scheme (Hybrid) for simulations of 
shallow water equations with source terms due to a non-flat bottom topography. The 
Hybrid scheme employs the nonlinear fifth order characteristic-wise WENO-Z finite 
difference scheme to capture high gradients and discontinuities in an essentially non-
oscillatory manner, and the linear spectral-like sixth order compact finite difference 
scheme to resolve the fine scale structures in the smooth regions of the solution efficiently 
and accurately. The high order multi-resolution analysis is employed to identify the 
smoothness of the solution at each grid point. In this study, classical one- and two-
dimensional simulations, including a long time two-dimensional dam-breaking problem 
with a non-flat bottom topography, are conducted to demonstrate the performance of the 
hybrid scheme in terms of the exact conservation property (C-property), good resolution 
and essentially non-oscillatory shock capturing of the smooth and discontinuous solutions 
respectively, and up to 2–3 times speedup factor over the well-balanced WENO-Z scheme.

© 2016 IMACS. Published by Elsevier B.V. All rights reserved.

1. Introduction

The shallow water equations are regarded as an important model in fluid dynamics, which is a system of hyperbolic 
conservation law with additional source terms that describes geophysical flows. Accurate and efficient numerical simulations 
of a mathematical model of shallow water waves provide a way to obtain insights in the physical problems, to guide 
researchers for a deeper understanding of the physics, and to design better experiments.

There have been considerable efforts devoted to develop numerical methods for solving nonlinear hyperbolic conserva-
tion laws, which might exhibit a finite time singularity in an otherwise smooth initial condition. The characteristic-wise 
weighted essentially non-oscillatory (WENO) conservative finite difference schemes on an equidistant stencil, as a class of 
high order/resolution nonlinear scheme for solutions of hyperbolic conservation laws in the presence of shocks and fine 
scale structures, was initially developed in [14] for shocked flow (for details, see [24] and references contained therein). 
Vukovic and Sopta [27] applied it to shallow water equations and made an important modification on the classical WENO-
JS scheme [14] by incorporating the balance between the flux gradient and source terms. The scheme was verified for 
maintaining the exact conservation property (C-property) [3,26], which implied that the scheme, when applied to a qui-
escent flow, exactly preserves the still water stationary solution, that is, water surface level h + b = constant and water 
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discharge hu = 0, where b(x, y) is a smooth or non-smooth topography of the sea floor. Then the exact C-property was 
presented in the one-dimensional sediment transport equations [10]. In [22], Robers et al. proved the balancing between 
the flux gradient and the source term. Xing and Shu [29] proposed the high order well-balanced WENO-JS scheme, which 
maintained the exact C-property and achieved genuine high order accuracy for the general solutions of the shallow water 
equations. In [11,30,31], the well-balanced Runge–Kutta discontinuous Galerkin methods for the shallow water equations 
were proposed in the last decade respectively. More detailed descriptions on the well-balanced schemes can be found in 
[28] and references contained therein.

It should be noted that the characteristic-wise WENO scheme for constructing an essentially non-oscillatory derivative 
is computationally expensive and relatively dissipative. Thus, one should avoid employing the WENO scheme in the smooth 
region if and whenever possible. Li et al. [17,18] showed the comparison among several different low order smoothness 
indicators used in a hybrid upwind-WENO scheme for solving hyperbolic conservation laws and shallow water equations. 
For highly complex smooth flows, high order compact finite difference schemes (Compact) [15] are accurate (spectral-like 
resolution and non-dissipative) and efficient (solving a banded system of linear equations via the Thomas algorithm) in 
resolving both small and large scale smooth structures. However, in the presence of discontinuities (shocks), the numerical 
oscillations will cause a severe loss of accuracy and stability. Therefore, in the last two decades, the hybrid scheme con-
jugating the WENO scheme to capture high gradients and discontinuities with the Compact scheme to resolve the smooth 
solutions was applied in different research fields, for example, [8,9,19–21,23].

Since both the Compact scheme and the WENO scheme are high order schemes, the measure of the smoothness of the 
solution must also be of high order in order to differentiate a high frequency wave from a high gradient/shock. Costa et 
al. [6,7] described the arbitrary order multi-resolution (MR) analysis by Harten [13] for identifying the non-smooth and 
smooth stencils in the Hybrid scheme. In general, high order MR analysis is preferable to a low order shock detector in 
the high order hybrid scheme for its efficiency and much improved resolving power in differentiating high frequency waves 
and discontinuities. Moreover, in [4,5], it has been shown that the improved WENO-Z scheme is less dissipative and higher 
resolution power than the WENO-JS scheme for a larger class of problems. The conjugation of the Compact scheme and the 
conservative characteristic-wise WENO-Z finite difference scheme with the MR analysis [19] and conjugate Fourier shock 
detection analysis [8] demonstrates less dissipation and also less dispersion and allows a potential speedup up to a factor 
of two or more in the simulations of detonation waves and solving hyperbolic conservation laws than the pure WENO-Z 
scheme.

In this work, we aim at the extension of the Hybrid scheme [8,19] for numerical simulations of shallow water equa-
tions. The fifth order WENO-Z scheme and the sixth order Compact scheme are employed to capture discontinuous parts 
and to resolve smooth parts of the solutions respectively. An eighth order MR analysis is employed at each Runge–Kutta 
step to identify the sharp gradients and discontinuities in the solution in order to maintain the high order/resolution and 
the essentially non-oscillatory nature of the Hybrid scheme. Several standard one- and two-dimensional problems in the 
shallow water equations with flat and non-flat bottom topographies have been simulated with the well-balanced Hybrid 
scheme to demonstrate the performance of the scheme for solutions with shock-like jumps in the water surface level. A 
two-dimensional dam breaking problem with flat and non-flat bottom topographies have also been simulated with the 
well-balanced Hybrid scheme for a long time in a large domain showing the accuracy and efficiency of the scheme.

The paper is organized as follows. In section 2, a very brief introduction to the WENO finite difference scheme, the 
Compact scheme, the well-balanced WENO scheme for shallow water equations and the algorithm of the Hybrid scheme 
will be given. In section 3, classical one- and two-dimensional examples are presented to verify the satisfaction of the 
C-property, the essentially non-oscillatory property and the efficiency (less CPU time and small percentage of the WENO-Z 
reconstruction required) of the Hybrid scheme. Conclusions are given in section 4.

2. Well-balanced hybrid compact-WENO finite difference scheme

In this section, an improved fifth order characteristic-wise weighted essentially non-oscillatory conservative finite differ-
ence scheme (WENO-Z), a sixth order classical Compact scheme, a high order MR analysis and the well-balanced WENO 
scheme for shallow water equations are presented in the Cartesian domain. Readers are refereed to [15,4,24,29] for greater 
details regarding their algorithmic implementations.

The two-dimensional shallow water equations can be written compactly as

Q t + ∇ · �F = S. (1)

Q , �F = (F, G) and S are the conservative variables, flux vector, and source terms respectively. Explicitly, these variables are

Q = (h,hu,hv)T , (2)

F = (hu,hu2 + 1

2
gh2,huv)T , (3)

G = (hv,huv,hv2 + 1

2
gh2)T , (4)

S = (0,−ghbx,−ghby)
T , (5)
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Fig. 1. The computational uniformly spaced grid xi and the 5-points stencil S5, composed of three 3-points substencils S0, S1, S2, used for the fifth-order 
WENO reconstruction step. {β0, β1, β2} are classical lower order smoothness indicators and {ω0, ω1, ω2} are nonlinear weights of the three substencils. τ5

is the optimal order global smoothness indicator used the whole 5-points stencil S5.

where the superscript T denotes the transpose, b is the bottom topography, h is the water depth above the domain bottom b, 
u = (u, v) is the velocity vector, and g = 9.812 is the gravitational constant.

2.1. Weighted essentially non-oscillatory schemes

Consider an equidistant grid defined by the points xi = i�x, i = 0, . . . , N , which are called cell centers, with cell bound-
aries given by xi+ 1

2
= xi + �x

2 , where �x is the uniform grid spacing (see Fig. 1). The semi-discretized form of hyperbolic 
parts of (1) is transformed into the system of ordinary differential equations and solved by the method of lines

dQ i(t)

dt
= − ∂ f

∂x

∣∣∣∣
x=xi

, i = 0, . . . , N, (6)

where Q i(t) is a numerical approximation to the cell-averaged value Q (xi, t).
To form the difference expression of the flux across the uniformly spaced cells and to obtain high-order numerical 

flux consistent with the hyperbolic conservation laws, a conservative finite difference formulation is required at the cell 
boundaries. By defining a numerical flux function f̄ (x) implicitly, one has

f (x) = 1

�x

x+ �x
2∫

x− �x
2

f̄ (ξ)dξ, (7)

such that the spatial derivative in (6) is approximated by a conservative finite difference formula at the cell center xi ,

dQ i(t)

dt
= − 1

�x

(
f̄ i+ 1

2
− f̄ i− 1

2

)
, (8)

where f̄ i± 1
2

= f̄ (xi± 1
2
). High order polynomial interpolations to f̄ i± 1

2
are computed using known values f j = f (x j), j =

i − 2, . . . , i + 2 that satisfy the conservation condition (7).
As shown in the Fig. 1, the 5-points global stencil S5 is subdivided into three 3-points substencils {S0, S1, S2}. Then the 

fifth degree polynomial approximation f̂ i± 1
2

= f̄ i± 1
2

+ O (�x5) can be built through a convex combination of three second 

degree interpolation polynomials f̂ k(x) in substencils Sk, k = 0, 1, 2 at the cell boundaries xi± 1
2

,

f̂ i± 1
2

=
2∑

k=0

ω±
k f̂ k(xi± 1

2
), (9)

where ωk are the normalized nonlinear weights and

f̂ k(xi+ 1
2
) =

2∑
j=0

ckj f i−k+ j, i = 0, . . . , N, (10)

with Lagrangian interpolation coefficients ckj [2].

The regularity of the interpolation polynomial approximation f̂ k(x) of the substencil Sk at xi is measured by the local 
lower order smoothness indicators βk , which are given by

βk =
2∑

l=1

�x2l−1

x
i+ 1

2∫
x

i− 1

(
dl

dxl
f̂ k(x)

)2

dx, k = 0,1,2. (11)
2



68 Q. Zhu et al. / Applied Numerical Mathematics 112 (2017) 65–78
The explicit expression of the smoothness indicators βk can be found in [14].
In the classical WENO-JS scheme [14], the nonlinear weights ωk are defined as

αk = dk

(βk + ε)p
, ωk = αk∑2

j=0 α j

, k = 0,1,2.

The coefficients 
{

d0 = 3
10 , d1 = 3

5 , d2 = 1
10

}
are the ideal weights that, when the solution is sufficiently smooth, one has 

{ωk ≈ dk, k = 0, 1, 2} and the WENO scheme essentially becomes the optimal fifth order central upwind scheme. In general, 
the power parameter p ≥ 1 is used to enhance the relative ratio between the smoothness indicators βk and the sensitivity 
parameter ε > 0 is used to avoid divisions by zero in the weights formulation.

In the WENO-Z finite difference scheme [4,5], the nonlinear weights ωZ
k are defined as

α Z
k = dk

(
1 +

(
τ5

βk + ε

)p)
, ωZ

k = α Z
k∑2

l=0 α Z
l

, k = 0,1,2, (12)

where τ5 = |β2 − β0|, which has a leading truncation error of order O (�x5). In contrary, the leading truncation error of βk
are of order O (�x2). Strictly speaking, the leading truncation error estimates of βk and τ5 are only valid if f ′(xi) �= 0. The 
sensitivity parameter ε = 10−12 and the power parameter p = 2 are used in this study respectively.

2.2. Compact finite difference schemes

Given the values of a function on a set of nodes the finite difference approximation to the derivative of the function 
is expressed as a linear combination of the given function values [15]. A sixth order Compact scheme approximating the 
partial derivative of flux function Fx of (1) (same procedures for the partial derivative Gy) on an equidistance grid can be 
written compactly as

AFx = BF + C, (13)

where A and B are the banded coefficient matrices,

A =

⎛
⎜⎜⎜⎜⎜⎝

1 1/3
1/3 1 1/3

. . .
. . .

. . .

1/3 1 1/3
1/3 1

⎞
⎟⎟⎟⎟⎟⎠ , B = 1

36�x

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 28 1
−28 0 28 1
−1 −28 0 28 1

. . .
. . .

. . .
. . .

. . .

−1 −28 0 28
−1 −28 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (14)

The vector C is

C = 1

36�x
(−F−1 − 28F0,−F0,0, · · · ,0,FN ,28FN + FN+1)

T − 1

3

(
F′

0,0,0, · · · ,0,0,F′
N

)T
, (15)

where F−1 = F(x0 − �x), FN+1 = F(xN + �x), F′
0 = Fx(x0), F′

N = Fx(xN ). Therein, F−1 = F(x0 − �x), FN+1 = F(xN + �x) are 
function values obtained from land boundary conditions (free stream or reflective boundary). And the partial derivatives at 
two boundary points F′

0 and F′
N are computed by the WENO-Z scheme in advance.

2.3. Well-balanced WENO scheme for shallow water equations

In this section, we will briefly review the well-balanced finite difference WENO scheme for one-dimensional shallow 
water equations proposed in [29]. To maintain a delicate balance of the divergence of the flux and the source terms in the 
steady state, the term −ghbx is reformulated equivalently into a sum of two terms ( 1

2 gb2)x − g(h + b)bx . The shallow water 
equations (1) become

Q t + Fx = S1
x + S2

x , (16)

where Q = (h, hu)T , F = (hu, hu2 + 1
2 gh2)T , S1

x = (0, ( 1
2 gb2)x)

T , S2
x = (0, −g(h + b)bx)

T .
As defined in [29], an operator D is called linear finite difference operator if it satisfies

D(pf1 + qf2) = pD( f1) + qD( f2), (17)

for arbitrary constants p and q and grid functions f1 and f2. A scheme is regarded as a linear scheme if all the spatial 
derivatives are computed with a linear finite difference operator. Obviously, the compact scheme (13) is an example of the 
linear scheme. Therefore, it can maintain the exact C-property (Proposition 3.1 in [29]).
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However, the WENO finite difference schemes are nonlinear by nature. The nonlinearity comes from the nonlinear 
weights ωk , which in turn comes from the nonlinearity of the smoothness indicators βk . Xing and Shu [29] made a mi-
nor modification on the WENO-JS scheme for the derivative of the second component of the flux hu2 + 1

2 gh2 to ensure the 
exact C-property. In brief, the differentiation operation based on the nonlinear weights ωk in computing the derivative of 
the second flux component is employed to compute the derivative of the second component of the source terms, namely, 
1
2 gb2 and b. With this procedure, the component-wise WENO scheme can be proved that the exact C-property can be 
maintained exactly.

In the case of characteristic-wise WENO scheme with Lax–Friderichs (LF) flux splitting, the conservative variable Q =
(h, hu) is equivalently replaced by Q = (h + b, hu) as the bottom topography b is a given function independent of time t , 
then the original flux F are split as follows:

F (Q )± = 1

2

[(
hu

hu2 + 1
2 gh2

)
± α

(
h + b

hu

)]
, (18)

where α = maxi |λi(u)| with λi(u) being the i-th eigenvalue of the Jacobian matrix A = ∂ F (Q )
∂Q , and F (Q )± are positive and 

negative flux respectively. Moreover, the two derivatives in the source terms are also split up into their positive and negative 
parts as(

0
1
2 gb2

)
x
= 1

2

(
0

1
2 gb2

)+

x
+ 1

2

(
0

1
2 gb2

)−

x
,

(
0
b

)
x
= 1

2

(
0
b

)+

x
+ 1

2

(
0
b

)−

x
. (19)

It is crucial to apply the same nonlinear differentiation operator D± based on the nonlinear weight ωk
± used in computing 

the derivatives of the positive and negative characteristic projection of the fluxes F ±(Q ) and the corresponding positive and 
negative source terms. Similar procedure should be applied to the derivatives of the flux and source terms in the y-direction 
in the two-dimensional problems. Under those modifications, the WENO scheme can maintain the exact C-property (Propo-
sition 3.2 in [29]). We replace the nonlinear weight ωk

± with ωZ
k and denote the modified scheme as the well-balanced 

WENO-Z scheme in this study. We refer to [29] for details.

2.4. Multi-resolution analysis

To quantify the smoothness of a solution computed by the Compact scheme and the WENO scheme at each uniformly 
spaced grid point xi , the coefficients of the multi-resolution (MR) analysis [13] can be used. The general idea is to generate 
a coarser grid of averages of the point values of a function and measure the differences (MR coefficients) di between the 
interpolated values from this sub-grid and the point values themselves [7]. Since both the Compact scheme and the WENO 
scheme are high order/resolution schemes, the measure of the smoothness of the solution must also be of high order in 
order to differentiate a high frequency wave from a high gradient/shock so that an appropriate numerical spatial scheme 
can be applied adaptively at a given spatial location x and dynamically at a given time t .

Given an initial number of the grid points N0 and grid spacing �x0, we shall consider a set of nested dyadic grids up to 
level L < log2 N0,

Gk = {xk
i , i = 0, . . . , Nk}, 0 ≤ k ≤ L, (20)

where xk
i = i�xk with �xk = 2k�x0, Nk = 2−k N0 and the cell averages of function u at xk

i :

ūk
i = 1

�xk

xk
i∫

xk
i−1

u(x)dx. (21)

Let ũk
2i−1 be the approximation to ūk

2i−1 by a unique polynomial of degree nM R = 2s that interpolates ūk
i+l, |l| ≤ s at xk

i+l , 
where q = 2s + 1 is the order of approximation.

The approximation error (or multi-resolution coefficients), fixing k = 1 for a single-level MR and removing it from the 
superscript for simplicity, di = ū0

2i−1 − ũ0
2i−1 at xi , has the property that if u(x) is a C p−1 function, then

di ≈
{

[u(p)

i ]�xp
1 p ≤ q

u(q)

i �xq
1 p > q

(22)

where [·] and (·) denote the jump ([ f i] = | f i+1 − f i |) and the derivatives of the function ( f (p)

i = dp

dxp f (xi)), respectively. The 
MR coefficient di measures how close the data at the finer grid 

{
x0

i

}
can be interpolated by the data at the coarser grid {

x1
i

}
.

From (22) it follows that
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|d2i| ≈ 2−p̄|di |, p̄ = min{p,q}, (23)

which implies that away from discontinuities, the MR coefficients {di} diminish in size with a refinement of the grid at 
smooth parts of the solution; close to discontinuities, they remain essentially the same size, independent of the order 
q = 2s + 1. Examples of the performance of the high order multi-level MR analysis in detecting discontinuities in the 
solution of nonlinear system of hyperbolic PDEs can be found in [6,7].

2.5. Hybrid scheme

Now, together with all the numerical algorithms (Compact scheme, well-balanced WENO scheme, and MR analysis), we 
have all the tools to build the hybrid Compact-WENO finite difference scheme. For the details of the Hybrid scheme, see [6,
8,19] and references therein. For clarity, we present the well-balanced Hybrid scheme algorithm in the following flowchart.

Algorithm.

1. Perform the MR analysis on the water depth h once at the beginning of a time stepping scheme. A MR flag is specified 
by

Flagi =
{

1, |di| > εM R Non-Smooth,

0, otherwise Smooth,
(24)

where di is the MR coefficient at xi which measures the error in approximating the function by a high degree polyno-
mial (8th) and εM R is the MR tolerance parameter (εM R = 10−3 in this study.)

2. Create a buffer zone around each grid point xi such that all the grid points inside the buffer zone are flagged as 
non-smooth stencils.
This condition prevents the computation of the derivative of the fluxes by the Compact scheme using a non-smooth 
functional values. If, for example, a grid point xi is flagged as a non-smooth stencil, then its neighboring grid points 
{xi−m, . . . , xi, . . . , xi+m} will also be designated as non-smooth stencils that is, {Flag j = 1, j = i − m, . . . , i, . . . , i + m}. 
(Typically, m = r.)

3. Compute the derivative of the fluxes at each cell center by
• (Non-smooth WENO subdomain): the well-balanced WENO-Z scheme.
• (Smooth Compact subdomain): the Compact scheme. The numerical fluxes on the non-smooth zones obtained by the 

WENO scheme are saved and automatically used as the internal boundary fluxes needed by the Compact scheme.
4. Stabilize the Hybrid scheme.

An eighth order finite difference filtering is applied in the smooth compact subdomain to stabilize the Hybrid scheme 
[25].

Remark 1. Based on the modification of the shallow water equations in [29], the well-balance WENO-Z and Compact 
schemes can maintain the exact C-property respectively. Therefore, the Hybrid scheme can maintain the exact C-property 
correspondingly.

3. Numerical results

To demonstrate the good performance of the well-balanced hybrid compact-WENO finite difference scheme, we present 
the numerical results of several standard one- and two-dimensional shallow water equations. We shall provide both the 
numerical solutions computed by the well-balanced WENO-Z and Hybrid schemes and give their corresponding CPU timing 
results. In all the examples, the third order TVD Runge–Kutta method [4] with CFL = 0.45 is used for the temporal evolution 
of the resulted ODE at each grid points.

Remark 2. All the computations presented in this study are performed on a desktop computer with an 8 core i7-2600 
processor and 8 GB memory running under the CentOS 6 operating system.

3.1. The one-dimensional exact C-property test

The exact C-property is the most fundamental and crucial property for a numerical scheme for solving PDEs with a 
source term in a steady state. Thus we follow the classical experiments in [29] to confirm the exact C-property of the 
Hybrid scheme. The smooth and discontinuous bottom topographies are

b(x) = 5e− 2
5 (x−5)2

, b(x) =
{

4, if 4 ≤ x ≤ 8,

0, otherwise,
x ∈ [0,10]. (25)

The initial condition is the steady state stationary solution with the water surface level h + b = 10 and the water discharge 
hu = 0. We solve the problem using the well-balanced WENO-Z and Hybrid schemes with N = 100, 200 and 400 cells until 
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Table 1
The one-dimensional exact C-property test. L∞ errors in the water surface level h +b and water discharge 
hu as computed by the well-balanced WENO-Z and Hybrid schemes with the smooth and discontinuous 
bottom topographies.

N Smooth bottom topography Discontinuous bottom topography

L∞ error h + b L∞ error hu L∞ error h + b L∞ error hu

WENO-Z Hybrid WENO-Z Hybrid WENO-Z Hybrid WENO-Z Hybrid

100 3.6E–15 1.8E–14 1.3E–13 2.1E–13 1.8E–15 3.6E–15 1.2E–13 6.7E–14
200 7.1E–14 1.6E–14 1.2E–13 2.8E–13 3.6E–15 5.3E–15 6.1E–14 9.7E–14
400 1.2E–14 1.8E–14 1.3E–13 1.6E–13 8.9E–15 1.2E–14 8.1E–14 1.3E–13

Table 2
The one-dimensional exact C-property test. The CPU timings (in second), percentage of the WENO-Z 
reconstruction and speedup factors (SF) of the well-balanced WENO-Z and Hybrid schemes with the 
smooth and discontinuous bottom topographies.

N Smooth bottom topography Discontinuous bottom topography

WENO-Z Hybrid Percent S F WENO-Z Hybrid Percent S F

100 1.4E–2 5.5E–3 2.0 2.5 1.3E–2 9.5E–3 37.6 1.4
200 5.5E–2 1.6E–2 1.0 3.4 4.9E–2 2.3E–2 18.9 2.1
400 2.8E–1 1.3E–1 0.5 2.2 2.5E–1 1.3E–1 9.5 1.9

the final time t = 0.5. Theoretically, the stationary solution should be always exactly maintained (C-property). As shown in 
Table 1, the L∞ errors of the water surface level h +b and water discharge hu for both the smooth and discontinuous bottom 
topographies indicate that the well-balanced WENO-Z and Hybrid schemes preserve the C-property up to the machine 
roundoff error. Table 2 gives the comparison on the CPU timings, percentage of the WENO-Z reconstruction, and speedup 
factors of the well-balanced WENO-Z scheme and Hybrid scheme with the smooth and discontinuous bottom topographies. 
From the table, the Hybrid scheme can be two times faster than the well-balanced WENO-Z scheme, and at high resolution, 
in this simple example.

3.2. A small perturbation of one-dimensional steady state water

To demonstrate the capability of the Hybrid scheme for a rapidly varying flow over a smooth bottom and a perturbation 
of a stationary state, we consider the quasi-stationary test case given in [16]. The bottom topography consists of a hump

b(x) =
{

0.25(cos(10π(x − 1.5)) + 1), if 1.4 ≤ x ≤ 1.6,

0, otherwise.
(26)

The initial conditions are

h(x,0) =
{

1 − b(x) + ξ, if 1.1 ≤ x ≤ 1.2,

1 − b(x), otherwise,
u(x,0) = 0, (27)

where ξ is a nonzero constant amplitude of the perturbation. Two cases with ξ = 0.2 (big pulse) and ξ = 0.001 (small pulse) 
have been simulated with both the well-balanced WENO-Z and Hybrid schemes. According to the classical behavior of wave 
propagation, the small disturbance will be split into two smaller waves propagating to the left and to the right. The small 
pulse of perturbation is a challenge for numerical schemes because it is difficult to detect, as they will be overwhelmed 
by the numerical oscillations of equal or larger magnitudes due to the Gibbs phenomenon. In this particular case, we use 
the power parameter p = 3 and the sensitivity parameter ε = 10−9 in the WENO-Z reconstruction procedure and the MR 
tolerance εM R = 10−7 in the MR analysis.

The water surface level h + b with N = 100, 300, and 3000 cells at the final time t = 0.2, as well as the temporal 
history of the WENO-Z reconstruction are shown in Fig. 2. The small traveling waves with both small and large initial pulse 
perturbations are well resolved and the discontinuities are captured essentially non-oscillatory. The results agree well with 
the reference solution computed by the well-balanced WENO-Z scheme with N = 3000 cells and with those given in the 
literature [16,29]. The moving high gradients are well identified by the MR analysis in space and time as evidenced in the 
temporal history of the WENO-Z reconstruction. Moreover, as shown in Table 3, the Hybrid scheme is faster, and at high 
resolution, can be more than four times faster than the well-balanced WENO-Z scheme.

3.3. Discontinuous bottom topography

Next, we consider a test case with a discontinuous bottom topography in the form of Heaviside function [1]

b(x) =
{

0, if x ≤ 0,

1, otherwise.
(28)



72 Q. Zhu et al. / Applied Numerical Mathematics 112 (2017) 65–78
Fig. 2. A small perturbation of one-dimensional steady state water with (Top) a big pulse (ξ = 0.2) and (Bottom) a small pulse (ξ = 0.001). (Left) The 
water surface level h + b at time t = 0.2 and (Right) temporal history of the WENO-Z reconstruction (red symbol) as computed by the Hybrid scheme. (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 3
A small perturbation of one-dimensional steady state water with a big pulse (ξ = 0.2) and a small pulse 
(ξ = 0.001). The CPU timings (in second), percentage of the WENO-Z reconstruction and speedup factors 
(SF) of the well-balanced WENO-Z and Hybrid schemes.

N Small pulse (ξ = 0.001) Big pulse (ξ = 0.2)

WENO-Z Hybrid Percent S F WENO-Z Hybrid Percent S F

100 9.7E–3 9.0E–3 85.1 1.1 1.1E–2 1.0E–2 45.5 1.1
300 8.1E–2 5.0E–2 39.9 1.6 9.3E–2 3.2E–2 11.3 2.9
3000 7.9 1.8 5.7 4.4 9.2 1.9 0.6 4.8

Two types of initial condition are considered here. They are

• 1-rarefaction and 2-shock problem:

h(x,0) =
{

4, if x ≤ 0,

1, otherwise,
u(x,0) = 0.

• 1-shock and 2-shock problem:

h(x,0) =
{

4, if x ≤ 0,

1, otherwise,
u(x,0) =

{
5, if x ≤ 0,

−0.9, otherwise.

The resulting nonlinear interaction of the discontinuous bottom topography and the system of nonlinear PDEs produces a 
rarefaction wave propagating to the left and two shock waves traveling to the right (see Fig. 3) for the first case and two 
shocks traveling in the opposite directions (see Fig. 3) for the second case. The right figure of Fig. 3 demonstrates that the 
temporal history of the WENO-Z reconstruction are used in the discontinuous locations accurately.

In both cases, the water surface level h + b (red square symbol) computed by the Hybrid scheme with N = 300 cells 
at time t = 1 is in a very good agreement with the reference solution computed by the well-balanced WENO-Z scheme 
with N = 3000 cells and with those given in [17]. The solutions are essentially free of the spurious numerical oscillations. 
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Fig. 3. (Top) 1-Rarefaction and 2-Shock Problem and (Bottom) 1-Shock and 2-Shock Problem. (Left) The water surface level h + b and (Right) temporal 
history of the WENO-Z reconstruction (red symbol) as computed by the Hybrid scheme at time t = 1. (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.)

Table 4
1-Rarefaction and 2-Shock Problem and 1-Shock and 2-Shock Problem. The CPU timings (in second), 
percentage of the WENO-Z reconstruction, and speedup factors (SF) of the well-balanced WENO-Z and 
Hybrid schemes.

N 1-Rarefaction and 2-Shock Problem 1-Shock and 2-Shock Problem

WENO-Z Hybrid Percent S F WENO-Z Hybrid Percent S F

100 9.3E–3 8.5E–3 43.6 1.2 1.5E–2 1.3E–2 55.4 1.2
300 7.7E–2 3.5E–2 14.6 2.2 1.9E–1 1.3E–1 22.6 1.5
3000 7.4E–0 1.9E–0 1.5 3.9 11.8 3.1E–0 2.3 3.8

The locations of the shocks are well identified by the MR analysis in all time and the shocks are well captured by the 
well-balanced WENO-Z scheme. As shown in Table 4, the Hybrid scheme is faster, and at high resolution, can be four times 
faster than the well-balanced WENO-Z scheme.

3.4. One-dimensional dam-breaking problem over a rectangular bump

In this section, we choose a test case to make a further investigation on the capability of the Hybrid scheme in shock 
capturing under a more complex condition. Follow the classical example in [27], we simulate the one-dimensional dam-
breaking problem over a rectangular bump, which involves an unsteady flow over a discontinuous bottom topography

b(x) =
{

8, if |x − 750| ≤ 1500/8,

0, otherwise.
(29)

The initial conditions are

h(x,0) =
{

20 − b(x), if x ≤ 750,

15 − b(x), otherwise,
u(x,0) = 0. (30)

The final time is t = 15. In Fig. 4, we compare the solutions computed by the Hybrid scheme with N = 500 cells against 
the reference solution computed by the well-balanced WENO-Z scheme with N = 5000 cells. The temporal history of the 
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Fig. 4. One-dimensional dam-breaking problem over a rectangular bump. (Left) The water surface level h + b at time t = 1.5 and (Right) temporal history of 
the WENO-Z reconstruction (red symbol) as computed by the Hybrid scheme. (For interpretation of the references to color in this figure legend, the reader 
is referred to the web version of this article.)

Table 5
One-dimensional dam-breaking problem over a rectangular bump. 
The CPU timings (in second), percentage of the WENO-Z recon-
struction, and speedup factors (SF) of the well-balanced WENO-Z 
and Hybrid schemes.

N WENO-Z Hybrid Percent SF

100 4.3E–3 3.9E–3 51.5 1.1
500 8.5E–2 3.9E–2 12.4 2.2
5000 8.0E–0 1.9E–0 1.5 4.2

Table 6
The two-dimensional exact C-property test. The CPU timings (in second), percentage of the WENO-Z 
reconstruction and speedup factors (SF) of the well-balanced WENO-Z and Hybrid schemes.

N L∞ error of h + b L∞ error of hu and hv CPU timing

WENO-Z Hybrid WENO-Z Hybrid WENO-Z Hybrid SF

100 × 100 1.1E–15 4.4E–15 7.9E–15 1.1E–14 2.2 0.8 2.9
200 × 200 8.9E–15 3.7E–15 6.6E–15 1.2E–14 19.1 5.6 3.4
400 × 400 8.9E–15 5.1E–15 8.0E–15 7.0E–15 149.0 40.0 3.7

WENO-Z reconstruction at each grid point (red symbol) is also shown to demonstrate the performance of the hybridization 
process. In this example, although the water depth h contains discontinuities at x = 562.5 and x = 937.5, it is clear that 
the essentially non-oscillatory solutions are obtained accurately and agree very well with the reference solution. As shown 
in Table 5, the Hybrid scheme is faster, and at high resolution, can be three times faster than the well-balanced WENO-Z 
scheme.

3.5. The two-dimensional exact C-property test

To demonstrate that the Hybrid scheme can also maintain the C-property over a hump in two dimensions, we follow the 
example in [29], the non-flat bottom is

b(x, y) = 0.8e−50((x−0.5)2+(y−0.5)2), x, y ∈ [0,1]. (31)

The initial condition are

h(x, y,0) = 1 − b(x, y), u(x, y,0) = v(x, y,0) = 0. (32)

Theoretically, the flat surface should be always exactly maintained (C-property). We solve the problem using the well-
balanced WENO-Z and Hybrid schemes with resolutions 100 × 100, 200 × 200 and 400 × 400 at the final time t = 0.1. As 
shown in Table 6, the L∞ errors of the water surface level h + b, water discharge hu and hv all indicate that the well-
balanced Hybrid scheme preserves the C-property up to the roundoff error. Table 6 also gives the comparison on the CPU 
timings, percentage of the WENO-Z reconstruction, and speedup factors of the well-balanced WENO-Z and Hybrid schemes 
with different resolutions. From the table, the Hybrid scheme can be three times faster than the well-balanced WENO-Z 
scheme at high resolution.
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Fig. 5. (Top) The water surface level h +b and (Bottom) multi-resolution MR Flags in the x-direction of a small perturbation of two-dimensional steady-state 
water with resolution 600 × 300 at times t = 0.24, 0.36 and 0.48.

Table 7
A small perturbation of two-dimensional steady-state water. The CPU timings (in second) and speedup 
factors (SF) of the well-balanced WENO-Z and Hybrid schemes.

N t = 0.24 t = 0.36 t = 0.48

WENO-Z Hybrid SF WENO-Z Hybrid SF WENO-Z Hybrid SF

150 × 75 6.6 2.8 2.4 10.0 4.3 2.3 13.4 5.9 2.3
300 × 150 54.0 17.9 3.0 81.4 28.3 2.9 109.1 39.4 2.8
600 × 300 427.3 121.7 3.5 641.2 183.2 3.5 853.5 249.1 3.4

3.6. A small perturbation of two-dimensional steady-state water

This is a classical two-dimensional example to demonstrate the capability of the numerical scheme for a rapidly varying 
flow over a smooth bottom and a perturbation of a stationary state [16]. The computational domain is [0, 2] × [0, 1]. The 
elliptical bottom topography is defined by

b(x, y) = 0.8e−5(x−0.9)2−50(y−0.5)2
, x ∈ [0,2], y ∈ [0,1]. (33)

The initial conditions are given as

h(x, y,0) =
{

1 − b(x, y) + 0.01, if 0.05 ≤ x ≤ 0.15,

1 − b(x, y), otherwise,
u(x, y,0) = v(x, y,0) = 0. (34)

We present the water surface level h +b with resolution 600 ×300 at times t = 0.24, 0.36 and 0.48, and the temporal history 
of the WENO-Z reconstruction in Fig. 5. We can observe that the right-going disturbance travels and diffuses naturally 
as it propagates past the hump which agrees well with those in [16,29,17]. Furthermore, the complex and small-scale 
structures of the flows are resolved very well. The MR Flags in Fig. 5 indicate that the discontinuities are captured correctly 
as evidenced in the temporal history of the WENO-Z reconstruction. In Table 7, we give a comparison on the CPU timings 
and speedup factors of the well-balanced WENO-Z scheme and the Hybrid scheme with different resolutions at times 
t = 0.24, 0.36 and 0.48. From the table, we can clearly found that the Hybrid scheme can be three times faster than the 
well-balanced WENO-Z scheme.

3.7. Two-dimensional dam-breaking problem

The two-dimensional dam-breaking problem was presented in [12,17]. To enrich the experiment, we solve the two-
dimensional dam-breaking problem with a flat and non-flat bottoms topographies to demonstrate the capacity of the Hybrid 
scheme in shock capturing. The computational domain is redesigned as [0, 800] ×[0, 400]. The width of the dam is set to be 
L = 3, and the breach is located at x = 200 and between y = 160 and y = 240. The boundary conditions are reflective at the 
top and bottom boundaries, and the inflow and outflow boundary conditions are imposed in the left and right boundaries 
respectively.

As oppose to most examples given in the literature [12,17], we run the simulations for a long time until the final time 
t = 90 in order to examine the long time behaviors of the Hybrid scheme with a flat and non-flat bottoms in front of the 
dam. The initial conditions are given as
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Fig. 6. The water surface level h + b overlayed with (Upper) the velocity vector field u and (Lower) vorticity ω of the two-dimensional dam-breaking 
problem over a flat bottom b1(x, y) at times t = 30, 60 and 90.

Fig. 7. Multi-resolution MR Flags in the (Upper) x- and (Lower) y-directions of the two-dimensional dam-breaking problem over a flat bottom b1(x, y) at 
times t = 30, 60 and 90.

Fig. 8. The water surface level h + b overlayed with (Upper) the velocity vector field u and (Lower) vorticity ω of the two-dimensional dam-breaking 
problem over a non-flat bottom b2(x, y) at times t = 30, 60 and 90.

h(x, y,0) =
{

10 − b(x, y), if x ≤ 200,

5 − b(x, y), otherwise,
u(x, y,0) = v(x, y,0) = 0, (35)

where b(x, y) with the flat b1(x, y) and non-flat b2(x, y) bottoms are given by

b1(x, y) = 0, b2(x, y) =
{

2 sin((x − 205)π/295), if 205 ≤ x ≤ 795,

0, otherwise.
(36)

In the flat bottom case b1(x, y), the water surface level h + b overlayed with the velocity vector field u and vorticity ω
are shown at times t = 30, 60 and 90 in the upper and lower half of Fig. 6 respectively. Following the temporal evolution 
of the water surface level h + b, shock-like hydrostatic jumps formed by the breaking of the dam are captured essentially 
oscillations free and vortical structures shedding off at the top of the breach are resolved well. The Hybrid scheme, with 
its higher resolution and non-dissipative nature, resolves the fine scale vortical structures from its early and late time 
development. One can observe the nonlinear effects in the form of vortex pairing and vortex merging of individual vortices 
downstream from the dam. The well-organized downstream moving vortex wakes are blocked by the hydrostatic jump and 
deflected upward (downward) at time t = 60 and t = 90. The flow fields become increasingly complex due to the nonlinear 
interaction of both large and fine scale structures and shock-like hydrostatic jumps. These temporally evolving structures 
are well captured by the MR analysis as evidenced by the MR Flags x-Flag and y-Flag at time t = 30, 60 and 90 as shown 
in the upper and lower half of Fig. 7 respectively.

To examine the behavior of the Hybrid scheme in solving the two-dimensional dam-breaking problem with a non-flat 
bottom topography, a sinusoidal perturbation is added to the flat bottom, b2(x, y), in front of the dam. In Fig. 8, the water 
surface level h + b overlayed with the velocity vector field u and vorticity ω are shown at times t = 30, 60 and 90 in the 
upper and lower half of the figure respectively. Similar to the flat bottom case before, the temporal evolution of the water 
surface level h + b, shock-like hydrostatic jumps formed by the breaking of the dam are captured essentially oscillations 
free and vortical structures shedding off at the top of the breach are resolved well. However, due to the topography of 
the bottom, the finer details of the water surface level h + b, such as the locations and heights of hydrostatic jumps, and 
locations and strengths of vortices, and their temporal evolution are slightly different from the flat bottom case. Similar to 
the flat bottom case, the Hybrid scheme resolves the small scale vortical structures from its early and late time development 
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Fig. 9. Multi-resolution MR Flags in the (Upper) x- and (Lower) y-directions of the two-dimensional dam-breaking problem over a non-flat bottom b2(x, y)

at times t = 30, 60 and 90.

as well as capturing their nonlinear effects. The vortex wakes are deflected upward (downward) by the hydrostatic jump 
more strongly at time t = 60 and t = 90. These temporally evolutionary structures are well captured by the MR analysis as 
evidenced by the MR Flags x-Flag and y-Flag at time t = 30, 60 and 90 as shown in the upper and lower half of Fig. 9
respectively.

We have made a comparison of the CPU timings between the well-balanced WENO-Z and Hybrid schemes with resolution 
1600 × 800 at the final time t = 90. The CPU timings taken by the well-balanced WENO-Z and Hybrid schemes are 18540s
and 47300s respectively, which yields a speedup factor of three.

4. Conclusion

We studied the performance of the high order well-balanced hybrid compact-WENO finite difference scheme in the 
simulation of the shallow water equations with source terms due to a non-flat bottom topography. The L∞ errors for the 
stationary solution in one and two dimensions verify the exact C-property of the Hybrid scheme, which is essential and cru-
cial in preserving the well-balance of the steady state solutions. The accuracy and efficiency of the Hybrid scheme in solving 
one- and two-dimensional shallow water equations with the shock waves was shown by several classical examples, such 
as the small perturbation of one-dimensional steady state water, 1-rarefaction and 2-shock problem, 1-shock and 2-shock 
problem, one-dimensional dam-breaking problem. Moreover, we conducted the two-dimensional dam-breaking problem un-
til the final time t = 90 to demonstrate the long time behaviors of the Hybrid scheme. Combining the good numerical 
results with the temporal history of WENO-Z reconstruction, we demonstrate that the Hybrid scheme captured discontinu-
ities very well by the fifth order well-balanced characteristic-wise WENO-Z scheme in an essentially non-oscillatory manner 
while the smooth parts are well resolved efficiently by the sixth order Compact scheme. Furthermore, the Hybrid scheme 
can potentially save a substantial amount of computational time in practical applications.
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